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The non-interacting band structure of spinless fermions in a two-dimensional (d = 2) p-band
honeycomb lattice exhibits two quadratic band touching points (QBTPs), which lie at the Fermi
levels of filling ν = 1/4 and its particle-hole conjugated filling ν = 3/4. A weak Hubbard interaction
U spontaneously breaks the time-reversal symmetry and removes the QBTP, rendering the system
into a quantum anomalous Hall insulator (QAHI). The first-order topological nature of QAHI is
characterized by a nontrivial Chern number and supports (d − 1)-dimensional chiral edge modes.
With increasing the interaction U , the system is driven into a Dirac semimetal by breaking the
crystal symmetry through a discontinuous quantum phase transition. The emergent Dirac points
each with Berry flux pi are generated in pairs, originating from the 2pi Berry flux of QBTP. A
sufficiently large U ultimately drives the system into a dimerized insulator (DI) by simultaneously
annihilating the Dirac points at the Brillouin zone boundary. The second-order topological nature
of DI is characterized by the quantized polarizations and supports (d−2)-dimensional corner states.
Our study provides a unique setting for exploring the topological switch between the first-order and
second-order topological insulators.
Topological insulators (TIs) have recently received re-
newal research interests since the discovery of higher-
order TIs [1, 2]. An nth-order topological insulator in
d spatial dimensions is predicted to have topologically
protected gapless or in-gap states that localized at the
(d − n)-dimensional boundaries according to the bulk-
boundary correspondence. As a paradigmatic example
in two dimensions (d = 2), the conventional TI exhibits
one-dimensional gapless edge states and is thus catego-
rized into the first-order TI [3–5]. While, the second-
order TI instead exhibits zero-dimensional in-gap states
at its corners. Symmetry, on the other hand, manifests
its fundamental role in the Altland-Zirnbauer classifica-
tion on first-order TIs [6–10] as well as its extension on
higher-order TIs [11–14]. Of particular interest is that
the symmetry of correlated system can be altered by
many-body interactions through spontaneous symmetry
breaking and therefore provides a promising mechanism
for changing its topology. An interacting system with
distinct broken symmetries can be classified into differ-
ent topological classes or topological categories and may
support completely different gapless or in-gap states at
its boundaries.
Here we study the interacting spinless fermions in a p-
band honeycomb lattice and report an interaction-driven
topological switch from a quantum anomalous Hall in-
sulator (QAHI) to a dimerized second-order topological
insulator (DSOTI) with an intermediate Dirac semimetal
(DSM). The QAHI with broken time-reversal symmetry
shows a zero-field quantized Hall conductance e2/h and
supports one-dimensional gapless chiral edge states [15–
17]. The QAHI is therefore identified as a first-order
TI. In contrast, the DSOTI spontaneously breaks the
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FIG. 1. (color online) (a) The bipartite structure of honey-
comb lattice and the hexagonal Brillouin zone. (b) The band
structure of tight-binding model in Eq. (1) with {tσ, tpi} =
{1,−0.1}. The pseudovector field d ≡ (dz, dx) near the
quadratic band touching point Γ at fillings ν = 3/4 (c) and
ν = 1/4 (d) resembles the vortex in XY systems with the
winding number n = 2.
crystal symmetry [18]. Its second-order topology is fur-
ther revealed by the quantized polarizations through
the Wannier-Bloch duality between real and momentum
space, supporting zero-dimensional corner states. Our
finding, the topological switch between first-order and
second-order TIs, broadens the concept of Landau’s the-
ory of symmetry breaking in describing phase transi-
tions [19–21] and enriches the physics behind the inter-
play of symmetry and topology.
We begin with the tight-binding model that describes
the hopping process of spinless fermions in the p-band
honeycomb lattice depicted in Fig. 1(a). Introduc-
2ing an orbital-sublattice spinor representation pk =
[pxAk, pyAk, pxBk, pyBk]
T
, the Hamiltonian in the mo-
mentum space reads
HTB =
∑
k
p†
k
Hkpk,Hk =
[
0 Tk
T †
k
0
]
, (1)
where
Tk =
[
tpi +
3tσ+tpi
4
(
eik1 + eik2
) √3(tσ−tpi)
4
(
eik1 − eik2)√
3(tσ−tpi)
4
(
eik1 − eik2) tσ + tσ+3tpi4 (eik1 + eik2)
]
.
Here the momenta k1 (k2) is measured along the recip-
rocal lattice vectors b1 (b2), and the hopping integral tσ
(tpi) denotes the σ (pi) bonding of p orbitals. For the pi
bonding, the bond vector lies in the nodal plane of p or-
bitals. As a result, the strength of pi bonding is typically
much weaker than that of σ bonding. The band struc-
ture of the tight-binding model in Eq. (1) with {tσ, tpi} =
{1,−0.1}, plotted in Fig. 1(b), is symmetric with respect
to zero energy, arising from the particle-hole symmetry
P . Under this symmetry, the tight-binding Hamiltonian
is transformed as ΞHkΞ−1 = −H−k with the unitary op-
erator Ξ = szK. Here sz is the z-component Pauli ma-
trix operating on the sublattice degree of freedom and
K is the complex conjugate operator. The middle two
bands cross at the Dirac points located at K and K ′
points of the hexagonal Brillouin zone (HBZ). While,
the lower and upper two bands touch at the Γ point of
HBZ, and pin the Fermi level at filling ν = 1/4 and the
particle-hole conjugated filling ν = 3/4, respectively. To
describe the corresponding low-energy behavior around
Γ point at filling ν = 1/4, we introduce a pseudospin
σz = ±1 to lable the eigenstates ψ+Γ = 1√2 [1, 0,−1, 0]
T
and ψ−Γ =
1√
2
[0, 1, 0,−1]T. The effective two-band k · p
model (see Supplemental Material [22] for details) in this
basis is given by
HΓ (k) = d0σ0 + dxσx + dzσz +O
(
k4
)
(2)
where σ0 is the identity matrix, σx,z are Pauli matrices
and the coefficients
d0 ≡ − (tσ + tpi)
[
3
2
− 3
8
k2 +
3
16
(
tσ − tpi
tσ + tpi
)2
k2
]
,
{dx, dz} ≡ 3
16
(tσ − tpi) {2kxky, k2x − k2y}. (3)
Diagonalizing HΓ (k) gives two noninteracting bands
E±Γ (k) = d0 ±
√
d2x + d
2
z, resulting in a quadratic band
touching point (QBTP) at Γ point. The pseudovec-
tor field d ≡ (dz, dx) shown in Fig. 1(d) has d-wave
symmetry. The topological charge for the QBTP is
given by the winding number of pseudovector field: n =
1
2pi
∮
C ∇θ (k) · dk = 2, where θ ≡ arctan (dx/dz) and C is
a contour enclosing the singular Γ point, indicating that
the QBTP carries a 2pi Berry flux [23]. The low-energy
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FIG. 2. (color online) (a) The phase diagram as a func-
tion of Hubbard interaction U at {tσ, tpi} = {1, 0} shows
three phases: (1) Quantum anomalous Hall insulator (QAHI)
with the spontaneous y-axis pseudospin ordering. (2) Dirac
semimetal (DSM) with the pseudospin ordering aligned with
the bond vector e1,2,3 in zx plane. (3) Dimerized second-
order topological insulator (DSOTI). (b) The evolution of
pseudospin magnitude τ . The black dashed line at Uc1 marks
the discontinuous pseudospin-flop transition separates QAHIs
from DSMs. The black dashed line at Uc2, indicated by the
singular behavior in the second derivative τ ′′ = d2τ/dU2,
marks the continuous transition between DSMs and DSOTIs.
Hamiltonian at filling ν = 3/4 can be easily derived by
applying the particle-hole transformation on the Hamil-
tonian in Eq. (2) at filling ν = 1/4. The corresponding
pseudovector field is shown in Fig. 1(c). Hereafter we will
only focus on the ν = 1/4 filling to simplify the discus-
sion.
The QBTP is predicted to be generally unsta-
ble against many-body interactions towards a broken-
symmetry phase by the renormalization group analy-
sis [24–27]. We are therefore in the position to start from
the QBTP and study the phase diagram of present model
with Hubbard interactions. Introducing a pseudospin
τz = ±1 to label the px and py orbitals, the Hubbard
interaction, at mean-field level, is described by Hartree
and pseudospin exchange self-energies
HI =
U
2
∑
i
(
ninˆi − τ τˆ − n
2
i − τ 2
2
)
(4)
where nˆi =
∑
µ=x,y p
†
iµpiµ and τˆ =
∑
µν p
†
iµσµνpiν are
the density and pseudospin operators at the i-th site,
with ni and τi as the ground-state expectation values.
The first term in Eq. (4) renormalizes the on-site en-
ergy level. While, the pseudospin exchange interaction,
the second term in Eq. (4), favors the pseudospin or-
der by lowering the exchange self-energy. As sketched in
Fig. 2(a), the calculated phase diagram with the hopping
integrals {tσ, tpi} = {1, 0} accommodates three different
3phases including QAHIs, DSMs, and DSOTIs. The ef-
fects of tpi will be discussed later. Figure 2(b) plots the
evolution of pseudospin magnitude τ for both A and B
sublattices. Across the whole phase diagram, the sublat-
tices A and B develop the identical pseudospin order, pre-
serving the inversion symmetry I with the corresponding
unitary operator I = sx. Initially, a weak Hubbard in-
teraction U drives a y-axis pseudospin ordering, as a re-
sult of spontaneous time-reversal symmetry T breaking.
Consequently, the lower two quadratically touched bands
at the HBZ center (Γ point) are inverted, accompanied
by the degeneracy lifting and the opening of a topologi-
cal band gap. This insulating phase has non-trivial band
topology characterized by the Chern number
Ch =
∫
BZ
d2k
∑
m 6=n
[nFD (E
n
k
)− nFD (Emk )]
× 1
2pi
Im [〈nk|vˆx|mk〉〈mk|vˆy |nk〉]
(En
k
− Em
k
)
2 (5)
with nFD (E) being the Fermi-Dirac distribution function
and vˆµ = ∂HTB/∂kµ being the velocity operator. In the
insulating case, the Hall conductance is determined by
the Chern number of the occupied bands and must be
an exact integer in the unit of the conductance quan-
tum e2/h [15–17]. Explicit evaluations of Eq. (5) give
Ch = ±1 as the result of spontaneous time-reversal sym-
metry T breaking by freely selecting the pseudospin or-
dering vector aligned ∓y axis, resembling the Z2 Ising
transition. The nontrivial topological property arises
from the orbital angular momentum of the ground state
p± = px ± ipy of a p-orbital doublet with its degeneracy
lifted by the pseudospin exchange along ∓y axis. Corre-
spondingly, the system has a quantized Hall conductivity
σxy = ±e2/h in the absence of external magnetic fields
and supports a single gapless chiral edge modes (see be-
low). This system is thus identified as a QAHI. We stress
that the mechanism of QAHI relies on the spontaneous
time-reversal symmetry T breaking, and is fundamen-
tally different from that of single-particle QAHI [28]. At
the critical Hubbard interaction Uc1 ≈ 2.3, a pseudospin-
flop transition from y axis to zx plane occurs. In the
latter phase, the pseudospin vector τ = (τz, τx) is align
with one of the bond vector e1,2,3, and thus breaks the
C3 point group symmetry of honeycomb lattice. As de-
picted in Fig. 2(a), we find that the band structures in the
latter phase hosts a pair of emergent Dirac points each
with Berry flux pi, originating from the QBTP with Berry
flux 2pi in the noninteracting bands. The transition from
QAHI to DSM is expected to be of first order type due to
the distinct broken symmetries of these two phases. The
corresponding phase boundary is indicated by the discon-
tinuous jump of the pseudospin magnitude τ , reflecting
the abrupt pseudospin-flop transition. Upon increasing
the interaction U , the pair of Dirac points move in the
opposite directions towards the M point along the high
symmetry line Γ-M in the HBZ. In Fig. 2(b), a close in-
spection on the mean-field order parameter reveals that
the pseudospin magnitude τ has a kink around the crit-
ical interaction Uc2 ≈ 2.6, which is best visualized by
the second derivative on τ with respect to the Hubbard
interaction U , τ ′′ = d2τ/dU2. Across the critical inter-
action Uc2, the pair of Dirac points approach with each
other and annihilate simultaneously at the M point of
HBZ, resulting in an insulating phase. The peak of τ ′′,
showing a singular behavior, well detects this semimetal-
insulator transition. For this insulating phase, an explicit
evaluation of the Chern number in Eq. (5) gives Ch = 0,
implying that this phase is first-order topological triv-
ial. Below, we will show that this insulator instead is a
second-order topological insulator. The polarization for
the lowest occupied band (n = 1) along the primitive
lattice vector aµ is given by
pµ =
1
ΩBZ
Im
[∫
BZ
d2k〈n = 1k|bˆµ · ∇k|n = 1k〉
]
(6)
with ΩBZ being the area of HBZ and bˆµ being the unit
reciprocal lattice vector [29]. The polarization inherits
the translation symmetry of Bloch wavefunctions and is
uniquely redefined by (pµ mod 1)→ pµ, representing the
shift of Wannier orbital center in units of aµ away from
lattice sites. Moreover, it is straightforward to show that
pµ is odd under the afore-mentioned inversion symme-
try I. Combined with these two symmetries, the polar-
ization pµ has a quantized value 0 or 1/2 for a gapped
system [1, 2]. In Eq. (1), we have chosen a gauge such
that the hopping processes along the bond vector e3 have
no phase factor in the unit cell. Therefore, the shift of
Wannier orbital center along bond vector e3 cannot be
captured under this gauge. While, numerical evaluations
of (p1, p2) yield (1/2, 0) and (0, 1/2) for the pseudospin
vector τ = (τz , τx) aligned with bond vector e1 and e2,
respectively. In this insulating phase, the Wannier orbital
center locates exactly at the center of the corresponding
bond to minimize the kinetic energy, supporting zero-
dimensional corner states (see below). We thus denote
this insulator as a DSOTI with the polarizations as its
bulk topological numbers. The DSOTI is a band insu-
lator in nature with one particle occupying a dimerized
bond, validating our weak coupling approach here.
Having settled the nature of DSOTIs, we then turn
to discuss the effects of the pi bonding tpi on the dimer-
ized bond patterns. Yet, the dimerization was intensively
studied in frustrated spin systems [30–32]. It is instruc-
tive to follow Ref. [33] by performing an elemental hexag-
onal plaquette calculation, whose enlarged unit cell is
shown by the dashed line in Fig. 3(a) and 3(b). We find
two stable mean-field solutions, i.e. the staggered and
star patterns, depicted in Fig. 3(a) and (b), respectively.
These two configurations, at mean-field level, are degen-
erate in energy at tpi = 0. As shown in Fig. 3(c), the
4a1a2
(b) Star
x
y
z
a1a2
(a) Staggered
x
y
z
 0.12
 0.15
 0.18
 0.21
-0.15-0.1-0.05 0
τ
tpi
Star
Stag.
QAH 
 0.45
 0.46
 0.47
 0.48(c)
FIG. 3. (color online) The pictorial representation of the stag-
gered (a) and star (b) dimerized patterns allowed in the en-
larged six-site unit cell. (c) The magnitude of self-consistent
pseudospin τ vector with tσ = 1 as a function of tpi for the
quantum anomalous Hall phase at U = 2 and for the stag-
gered and star dimerized patterns at U = 5.
pi bonding tpi reduces (enhances) the pseudospin mag-
nitude τ of the staggered (star) configuration, thus fa-
voring the star configuration as its ground state in the
DSOTI phase. While for the QAHI phase, the pi bond-
ing tpi reduces the corresponding order parameter τ and
thus shifts the phase boundary to a small Hubbard in-
teraction U . Numerically, we have verified that both the
QAHI phase at U = 2 and the DSOTI phase at U = 5
are stable against the DSM phase up to the perturbation
tpi = −0.15. Considering the gapless feature of Dirac
semimetal, it deserves further studies with advanced nu-
merical methods, e.g. quantum Monte Carlo simulations,
to examine the effect of quantum fluctuations beyond the
mean-field approximation in the future.
The topgological nature of QAHI and DSOTI is fur-
ther confirmed by the bulk-boundary correspondence.
As shown in Fig. 4(a), a cylindrical geometry with two
one-dimensional edges along y direction is employed to
demonstrate the first-order topological nature of QAHI.
Figures 4(b) and 4(c) show the self-consistently deter-
mined order parameters and the energy spectrum, re-
spectively. Both the order parameters n and τ close to
the sample edge deviate from their bulk values, indicat-
ing the existence of the edge modes. In the spectrum,
each of four bulk bands is split into a series of sub-bands
due to the open boundary condition in y direction. Be-
tween the lower two complexes of sub-bands, two one-
dimensional chiral modes in blue and red colors local-
ize at the right and left edges, respectively. To demon-
strate the second-order topological nature of DSOTI, we
perform a self-consistent calculation on a finite-size clus-
ter of hexagonal shape with zero-dimensional boundaries,
i.e. six vertices. Figures 4(d) and 4(e) plot the order
parameters and the energy spectrum, respectively. Six
in-gap bound states, plotted in blue color, are the zero-
dimensional corner states arising from the topology of
(d)
x
y
z τz
τx
τy
 0
 2
 4
 6
 8
 10
 12
 14
 16
 18
-2 -1  0  1  2  3  4  5
(e)
P(
E)
E
 0
 0.1
 0.2
 0.3
 0.4
 0.5
 0.6
 0  0.2  0.4  0.6  0.8  1
(b)
n
τ
n
,τ
y/Ly
-1.5
-1
-0.5
 0
 0.5
 1
 1.5
 2
 2.5
-1 -0.5  0  0.5  1
(c)
E
kx/pi
(a)
y
x
FIG. 4. (color online) (a) Schematic plot for a cylindrical
geometry with periodic boundary in x direction and open
boundary in y direction. (b) The self-consistent order param-
eters for sublattice A (solid symbols) and sublattice B (open
symbols) obtained on a cylinder of length Ly = 64 with the
parameters {tσ, tpi, U} = {1, 0, 2}. (c) Energy spectrum of
the cylinder in (b). The color encodes the position 〈y〉/Ly
of the Bloch states illustrated in the color bar in (b). (d)
The self-consistent order parameters for the finite-size clus-
ter in the shape of a regular hexagon with the parameters
{tσ, tpi, U} = {1, 0, 5}. The black open circle at each site mea-
sures the density ni of the occupied states. The red arrows
represent the site-resolved pseudospin vector τ = (τz, τx).
The enhanced bonding energy are highlighted by black solid
lines. (e) The histogram measures the distribution of energy
levels for the finite-size cluster depicted in (d). The six corner
states are labeled in the blue bar. The corresponding spatial
distribution ni of the corner states are represented by the size
of the blue solid points in (d).
DSOTI. Interestingly, the corner states, localized around
six vertices, reside the density to the nearest neighbor
sites, alleviating the energy cost due to the Pauli block-
ing. It is also noteworthy that the p orbitals at the sample
edges are spontaneously dimerized in pairs by adjusting
the direction of pseudospin vector τ = (τz, τx), which is
dramatically different from the non-interacting case [34].
In conclusion, the spinless fermions in the p-band hon-
eycomb lattice undergo a sequence of Quadratic band
touched semimetal-QAHI-DSM-DSOTI transitions with
increasing the Hubbard interaction U . It is thus remark-
able that tuning the Hubbard interaction can switch the
system between the first-order and second-order topolog-
ical insulators beyond the Landau paradigm. Motivated
by the experimental advances on p-orbital optical lat-
tices [35–38], we will discuss the possible experimental
relevance of our study. Experimentally, the honeycomb
lattice can be realized by three interfering traveling laser
5beams [39], and the Hubbard interaction can be achieved
via the p-wave Feshbach resonance [40] according to the
Fermi statics [41]. In particular, ultracold atoms provide
various flexible probing techniques [42]. The QBTP and
Dirac Point can be distinguished by recording the tra-
jectory of transfered atoms across the band degenerate
point through the Bloch-Landau-Zener oscillation [43].
In addition, an atomic interferometer can be utilized to
measure the Berry flux of Dirac point and QBTP [44].
The nontrivial Chern number of QAHI can be directly
measured by the center-of-mass drift as a Hall response to
an external force [45, 46]. Moreover, the DSOTI is easily
identified by the single-lattice-site-resolved quantum-gas
microscopes [47–56]. We therefore propose that the topo-
logical switch found here can be realized and detected
using ultracold atoms in optical lattices.
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Derivation of the effective two-band k · p model at filling ν = 1/4
Introducing the four-component orbital-sublattice spinor representation pk = [pxAk, pyAk, pxBk, pyBk]
T
, the tight-
binding model that describes the hopping process of spinless fermions in the p-band honeycomb lattice has the
following form
HTB =
∑
k
p†
k
Hkpk,Hk =
[
0 Tk
T †
k
0
]
,
where
Tk =

tpi + 3tσ+tpi2 cos
[√
3
2 kx
]
exp
[
i 32ky
] √3(tσ−tpi)
2 i sin
[√
3
2 kx
]
exp
[
i 32ky
]
√
3(tσ−tpi)
2 i sin
[√
3
2 kx
]
exp
[
i 32ky
]
tσ +
tσ+3tpi
2 cos
[√
3
2 kx
]
exp
[
i 32ky
]

 .
where the hopping integrals tσ and tpi denote the σ and pi bonding of p orbitals, respectively. At the hexagonal
Brillouin zone center (Γ point), the band dispersions have two sets of two-fold band degeneracy with eigen energies
E±Γ = ± 32 (tσ + tpi), which are exactly the Fermi levels at filling ν = 3/4 and ν = 1/4, respectively. The eigen vectors
of the upper eigen energy E+Γ are given by
ψ+Γ (+) =
1√
2
[1, 0, 1, 0]
T
,
ψ−Γ (+) =
1√
2
[0, 1, 0, 1]
T
.
Similarly, the eigen vectors of the lower eigen energy E−Γ are given by
ψ+Γ (−) =
1√
2
[1, 0,−1, 0]T ,
ψ−Γ (−) =
1√
2
[0, 1, 0,−1]T .
The upper (E+Γ ) and lower (E
−
Γ ) bands at Γ point are well separated in energy by a gap ∆ = 3 (tσ + tpi). The
low-energy behavior of spinless fermions around Γ at filling ν = 1/4 is renormalized by a second-order virtual process
in which the fermion first hops from the lower bands to the upper bands and then hops back to the lower bands. By
integrating out these high-energy bands near Γ point, the effective two-band k · p model at filling ν = 1/4 is given by
HΓ (k) = H−−k −H−+k
1
H++
k
− EF
H+−
k
where
Hαβ
k
=
[〈ψ+Γ (α) |Hk|ψ+Γ (β)〉 〈ψ+Γ (α) |Hk|ψ−Γ (β)〉
〈ψ−Γ (α) |Hk|ψ+Γ (β)〉 〈ψ−Γ (α) |Hk|ψ−Γ (β)〉
]
.
and the Fermi level EF = − 32 (tσ + tpi). After a lengthy but straightforward algebra, the effective Hamiltonian
expanded up to quadratic order in k2 takes the form
HΓ (k) = d0σ0 + dxσx + dzσz +O
(
k4
)
where σ0 is the identity matrix, σx,z are Pauli matrices and the coefficients
d0 ≡ − (tσ + tpi)
[
3
2
− 3
8
k2 +
3
16
(
tσ − tpi
tσ + tpi
)2
k2
]
,
{dx, dz} ≡ 3
16
(tσ − tpi) {2kxky, k2x − k2y}.
